Introduction
Problems of comparing several treatments or sources are often formulated as which treatment or source can be considered to be the best. This paper presents a new approach to such problems, where comparison of different sources has a predictive nature in terms of probabilistic inferences for a next observation, based on data given in the form of past observations. (We prefer to use the term 'source' to the more common term 'population' in this paper, as the common view for observations from a single population is that these are independent and identically distributed, an assumption that we do not make for the method suggested in this paper.) The inferences at the heart of our method are nonparametric, and succeed in adding only few structural assumptions to the data. Methods designed specifically for the problem of choosing the best treatment or source, and to answer questions regarding the best in an adequate way, are known as 'selection procedures', our method is an alternative to existing selection procedures. Two important researchers in the field of selection are Bechhofer and Gupta. Bechhofer's method [:I.] is known as the 'Indifference Zone Approach', the approach of Gupta [10] as 'Subset Selection'. These approaches are well developed by now, and are mostly restricted to parametric models, with differences between sources often in terms of location parameters.
Bechhofer's indifference zone approach assumes a minimal difference in the unknown parameter values, from which a value for the common sample size is developed as needed to meet certain requirements on the probability of correct selection. This method is useful for design of selection experiments, a recent overview is provided by Bechhofer, Santner and Goldsman [2] . One possible generalization is selection of a subset of the sources, such that all selected sources are better than all not selected sources, a problem that we address in section 3 of this paper.
Gupta's subset selection approach aims at selection of a subset of all sources such that the probability that the best source is included exceeds a chosen value. The size of the subset is random and depends on the data observed. Subset selection can be used as a screening procedure, even when the ultimate goal of the experimenter is to choose the best, the subset selection approach can be applied to eliminate inferior sources. The size of the selected subset reflects the confidence of the experimenter in choosing the best. A small subset would mean that either the populations are not close together or that the sample sizes are large, or both. Moreover, the subset selection method can be used to analyze the data after the experiment has been realized, but is not useful to design experiments. Recently, Verheijen, Coolen and van cler Laan [21] suggested a generalized approach for selection, which shares advantages with both indifference zone and subset selection, and has these two classical methods as special cases.
Nonparametric approaches to selection have also been considered, in particular within the framework of subset selection [11, 19] . These methods typically include sources in the selected subset if a sufficient statistic of the source is close to the optimal value of this sufficient statistic as observed for any of the sources, where 'optimal' is related to the criterion chosen to describe what is considered to be the best source, and 'close' is determined using the distribution of the Wilcoxon statistic [17J.
The approaches mentioned above all have a frequentist nature. Selection has also been studied from a Bayesian point of view, see Gupta and Yang [12J for a presentation of some Bayesian subset selection procedures and Miescke [20J for a discussion of Bayes sample designs for selection procedures.
These two papers also give useful further references to the literature on Bayesian selection methods.
In this paper, we consider a nonparametric approach for selection, where comparison of different sources is via predictive inferences for future observations, based on past observations, while adding only few additional structural assumptions. Our method is based on Hill's assumption A(n) [13J, which gives a direct conditional probability [8J for a future observable random quantity, conditioned on observed values of related random quantities. In fact [15J, this conditional probability can be used as a predictive posterior probability in a general Bayesian hamework [4, 9J. With regard to the Bayesian approach it seems sufficient to remark that A(n) is a De Finetti coherent procedure [7, 14, 15, 16J. We are interested in one-dimensional finite real-valued random quantities from k 2: 2 different independent sources. In fact, we consider nj + 1 random quantities from source j, j = 1, ... ,k, denoted by Xj,i j , ij = 1, ... ,nj, nj + 1. We will observe Xj,I, ... ,Xj,nj' j = 1, ... ,k. In this paper, we assume that ties do not occur with positive probability. Our results are easily generalized to allow ties [15J.
Denoting observations by lower case letters, we assume that -00 < Xj,I < Xj,2 < ... < Xj,nj < 00 are the observations from source j. This assumption implies that the specific order in which the observations became available is considered to be irrelevant. For ease of notation, we define Xj,O = -00
and Xj,nj+I = 00, where care should be taken in particular to the fact that Xj,nj+I is not an observed value of the random quantity of interest in our inferences, Xj,nj+l' For each source, the open intervals created by the observations are denoted by Predictive inferences about the unknown quantity Xj,nj+l are our goal. For a given source j, the
Although we develop our method for a single future observation per source only, results for several future observations are achievable [6J, but care should be taken that such observations are not independent. It should be remarked that these assumptions A(n) do not assume anything else, and are clearly post-data assumptions related to (finite) exchangeability (see De Finetti [7, ch. 11] ). Hill [14] gives a detailed presentation and discussion of A(n) ' De Finetti's [7J representation theorem uses a similar setting to justify a Bayesian framework to learn about an underlying parameter, and a probability distribution for that parameter, but he relies on the assumption that indeed there is an infinite sequence of random quantities involved, whereas our interest here (as in many practical situations) is in a finite number of future observations, mostly restricting attention to a single next observation. Even more, the Bayesian approach, as justified by De Finetti's [7J important results, explicitly needs a specified prior distribution, and together with the conditional independence of future observations (conditional on an unknown parameter) this adds quite a bit more structure to the data then needed for our results. The assumption A(n) is not sufficient to derive precise probability results for many problems of interest. However, it does provide bounds for probabilities and expectations, as presented in this paper, and this is essentially an application of De Finetti's 'fundamental theorem of probability' [7, sect. 3.10] .
The bounds that we derive are imprecise probabilities and imprecise previsions (expectations) in the sense of Walley [22J. Adopting a subjective interpretation of probability and prevision, suppose that we are interested in an uncertain quantity A. In a subjective framework [22J that is a generalization of De Finetti's theory [7] , your lower prevision E(A) for A is the supremum of all 'prices' you want to pay to get the uncertain quantity A, and your upper prevision E(A) for A is the infimum of all 'prices' for which you want to sell A (some unit of linear utility is needed for the prices, see Walley [ 
22, sect. 2.2]). If one is not familiar with these concepts, E(A) and E(A) can be considered as lower
and upper bounds for the expected value of A. Imprecise probabilities are simply imprecise previsions for events, so with A an indicator function that is 1 if the event occurs and 0 else. We denote a lower probability for A by P(A) and an upper probability for A by P(A).
The results in this paper also have a possible interpretation (and justification) as bounds of confidence statements in a nonparametric predictive frequentist setting, see Geisser [9, sect. 2.1.2] for more details about basic results related to this interpretation. Most statistical concepts exploit (finite) exchangeability or stronger assumptions, and agree with the A(nttype assumptions before data are actually observed. Once data are observed, however, an assumed parametric model in effect introduces dependence between the numerical information from the data, and information about the ranks of possible future data related to the c~rrent data. This then undermines the validity of predictive statements as based on assumed exchangeability only. This dependence between numerical information and ranks is explicitly absent when using a nonparametric method, and is excellently shown by our inferences based on A(n) alone. If good reasons for a certain (family of) parametric model(s) are present, indeed one may want to use such for inferences. However, if it is purely done for mathematical convenience or necessity, one should be careful as the model assumed cancels out the weak exchangeability assumption after the data are observed, and what is the justification of the model?
Often, in case of few data many models seem justifiable, whereas in case of many data no simple model seems to fit anymore. In the mean time, A(ntbased inferences are entirely flexible, valid for few data, although high imprecision may be the fair price of only little information, and valid for many data as its asymptotics are obviously closely related to those for the empirical distribution function.
The strength of the assumption A(n) can best be indicated by citing the final paragraph of Hill [14] : "Let me conclude by observing that A(n) is supported by all of the serious approaches to statistical inference. It is Bayesian, fiducial, and even a confidence/tolerance procedure. It is simple, coherent, and plausible. It can even be argued, I believe, that A(n) constitutes the fundamental solution to the problem of induction".
In section 2 of this paper, imprecise probabilities are derived for selection of one source, in section 3 this is generalized to selection of m (m~k -1) sources, with interest only in the event that all selected sources are better than all non-selected sources. Section 4 briefly discusses imprecise previsions. In section 5 we present three examples to illustrate possible application of our results and to highlight some further aspects of this approach.
Selection of one source based on imprecise probabilities
For selection of one source out of k independent sources, we are interested in the probability that a specific Xj,nj+l is the maximum of all next observations Xt,nt+ 1 , t = 1, ... , k. In this section, we derive lower and upper bounds for this probability based on the assumptions A(nj) per source j, these bounds are imprecise probabilities [22] .
Comparing the next observation from each of k sources based on lower and upper probabilities is effectively a rank-based procedure, simplified by the following statistics for comparing source j with source l (j :j:. l; j, l = 1, ... , k)
Obviously, C;,ij is the number of observations from source l smaller than Xj,ij' with C;,nj+l = nl.
In the derivation of this lower bound, we use the appropriate assumptions A(nj) for all sources, the assumed independence of the k sources implying that Xj,ij and Xl,iz are independent for j :j:. l, and the assumption that Xl,nl+l is greater than -00 with probability 1. In effect, the lower bound is attained by putting the probability mass per interval, as assigned by the assumptions A(nj) for all sources, at end points; for the selected source j at the left end point (infimum), and for all non-selected sources at the right end point (supremum). Without further assumptions, it is clear that no greater lower bound can be justified, and our derivation can be regarded as an application of De Finetti's 'fundamental theorem of probability' [7] . The above lower bound is a lower probability [22] and we use the notation (for given j)
If confusion is unlikely, we will also use the short notation and refer to it as the lower probability that source j is the best of all sources, where 'best source' is dearly to be interpreted in terms of a single next observation per source.
We attain an upper bound for the probability for the event Xj,nj+l = max X t ,nt+ 1 , for given j, t=l, ...,k as follows This upper bound is derived similarly to the above lower bound. The term nj~l is a consequence of the assumption that Xl,nt+l is smaller than 00 with probability 1, and relates to the probability mass for source j in interval Ij,nj+l' The upper bound is also attained by putting the probability mass per interval at end points; for the selected source j at the right end point (supremum), and for all non-selected sources at the left end point (infimum), and without further assumptions no smaller upper bound can be justified. This upper bound is an upper probability [22] for which we introduce the notation (for given j)
and we refer to it as the upper probability that source j is the best of all sources.
These lower and upper probabilities are only based on the sufficient statistics nj, C~,ij (j =1= l; j, 1 = 1, ... ,k), further information on location as contained in the observations Xj,ij is not used. As such, this approach can be regarded as a fully predictive alternative to standard rank-based methods [17, 18] , which are usually justified by theory of asymptotics. The method in section 4, using imprecise previsions, is not based on ranks and uses location information from the observations. General bounds for these lower and upper probabilities Pi and Pj, for given j, are easily derived by use of 0~C~,ij~nt,
If nt = n for all t = 1, ... , k, the upper bound for the lower probability is (n~l) k and the lower bound for the upper probability is (n;l)k + n~l. This event is true if the next observation for each selected source is greater than the next observation from all non-selected sources, we refer to this event as selection of the m best sources.
A lower bound for the probability for the event min X J ' n '+1 > max Xl nl+1, for given 8, is attained 
The detailed steps in the derivation ofthis lower bound are similar as in the derivation of the lower bound in section 2, with the second inequality a straightforward consequence of the definition of cJI. i.'
, J
As before, this is the best achievable lower bound based on the assumptions A(nj) per source alone, and it is attained by putting the probability mass per interval at end points; for all selected sources at the left end point, for all non-selected sources at the right end point. This lower probability will be denoted by (for given S)
The corresponding upper bound for the event minX)· n '+1 > max Xl nl+1 is again derived similarly,
also generalizing the upper bound derived in section 2, and is an upper probability that equals
L II (.!fi in ct,ijs + 1 .
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In comparison with the upper bound derived in section 2, it could be remarked that the contribution to this upper probability from the term in this summation corresponding to ij = nj + 1 for all j E S equals
For m = 1 this indeed gives the term nj~1 in the upper probability in section 2. As before, this term relates to the probability masses for all selected sources j E S in the respective intervals Ij,nj+l'
The upper probability Psis again the best achievable upper bound based on the assumptions A(nj) per source alone, and it is attained by putting the probability mass per interval at end points;
for all selected sources at the right end point, for all non-selected sources at the left end point.
Bounds for these imprecise probabilities are easily derived, in a similar way as for selection of a single population,
These bounds can again be used to derive minimum required sample sizes.
Selection based on imprecise previsions
Imprecise previsions [22] can be regarded as bounds for expected values for unknown quantities, generalizing De Finetti's concept of previsions [7] . Coolen [5] Lower and upper bounds for the expected value of Xj,nj+l are easily derived by putting all probability mass per interval to the left (infimum) for the lower bound (lower prevision E), and to the right (supremum) for the upper bound (upper prevision E)
With interpretations for lower and upper preVISIOns as discussed in section 1, and aiming to maximise the next observation, we could say that one has a strong preference for source j over source These imprecise previsions use the detailed information on locations from the observations, but may seem less appealing than the imprecise probabilities attained before. We suggest that both methods are used together to get a more complete picture of the situation. It is quite well possible, that one population is preferred over all other populations (either strongly or weakly) when using imprecise previsions, while at the same time that population only has small lower and upper probabilities of giving the maximum value on the next observation. This is a situation that could appear, for example, if there are some outliers in the data.
Examples

Example 1
The data for this example (Table 1) tester. By the nature of the experiment there is a block effect, but we do not consider this here.
Development of our method to include such effects is an important and interesting topic for future research, for this example use of our method is justified if we consider this blocking information not to be available to us (even though we know that such an effect influences the data, if we would not know the actual information about this effect, the appropriate A(nj) assumptions remain justifiable).
Based on the data collected, suppose that we want to select the cloth with the smallest weight loss, and use our predictive method. In this paper, our method has been presented for selection related to a maximum, but the results could easily be transformed aiming at selection of a minimum. However, to stay with the presentation in this paper, we transform the data by replacing original weight loss Wj,ij' representing the ij-th ordered weight loss observation for cloth type j, j = 1, ... ,7, ij = 1, ... ,4,
by Xj,5-ij = 1000 -Wj,ij' and we aim at selection of the cloth type corresponding to the maximum Xj,5, j = 1, ... ,7. Table 2 gives the transformed data suitable for the methods presented in this paper. Our predictive method compares the cloths via unknown next observations per cloth, X j ,5, j = 1, ... ,7, using the assumptions A(4) to assign probabilities for these random quantities per cloth.
For selection of a single cloth, or a subset of cloths, the sufficient statistics eJI. i. are easily derived, , J for example, Table 3 gives the cJl. i. values for j = 4, as would be needed to calculate the imprecise , J probabilities for cloth 4 to give the best next observation. The imprecise probabilities, P j and Pj, that cloth j is the best source (using terminology from section 2) are given in Table 4 . Table 4 : Imprecise probabilities for selection of one cloth (example 1)
For these data, the theoretical upper bound for the lower probability is equal to 0.2097 and the lower bound for the upper probability is~~~~~= 0.2001. The upper probability for cloth 2, which is in fact P2 =~~~~~, is closest to this theoretical lower bound, and only slightly larger because the observations for cloth 6 were not all greater than those for cloth 2. The lower probability for cloth 5, Es = 0.1966, is close to its theoretical upper bound, with the difference caused by the fact that one observation for cloth 4 exceeds the smallest observation for cloth 5. Obviously, in this example there is quite a strong suggestion that cloth 5 is the best one, and this is clearly shown by the results in Table 4 , where the rather large differences between lower and upper probabilities reflect the fact that there are only few observations available. All the lower probabilities that equal 0 in Table 4 are caused by all the related observations being smaller than all observations for cloth 5. The upper probability Ps =~~= 0.96 is less than 1 because, even when spreading the probability masses, as based on the assumptions A(4) per cloth, most favourably for cloth 5, a probability mass t for X4,S assigned to the interval (804,00) remains to the right of a probability mass t for Xs,s assigned to the interval (-00,801).
The imprecise probabilities in Table 4 show, for example, that cloths 2 and 6 are unlikely to lead to the best next observation, with the upper probability for cloth 6 slightly greater than for cloth 2. This is consistent with the related imprecise probabilities for pairwise comparisons, easily derived from the earlier results by deleting all but one alternative [5] . In this example, pairwise comparison of cloth j to cloth l leads to 
l=l,l#S
interval such as to favour cloth 5 most, only cloth 4 has positive probability to lead to a greater next observation than cloth 5.
One should be careful with pairwise comparisons, and not use them for selection as an alternative to joint comparison to all other alternatives, since transitivity does not need to hold under pairwise comparisons. We pay some attention to this in example 2, but first we continue this first example by presenting some imprecise probabilities related to selected subsets, according to the theory of section 3 (Table 6 ). (Table 6) is interesting, as all observations for these four cloths are greater than all observations for cloths 1, 2 and 6, leading to upper probability 1. If we include cloth 1 in the subset instead of 7, the lower probability becomes a as all observations for cloth 7 exceed those for cloth 1. The large differences between the upper and lower probabilities in Table 6 again reflect the fact that there are only few observations, not enough to strongly support a claim that the next observations for some of these cloths will all be greater than those for the other cloths (a large value for a lower probability would support such a strong claim).
To a difference between the sample sums for two cloths of more than 800 represents strong preference for the cloth with the largest sample sum over the other cloth. This easily leads to the following strong preferences for cloths: cloth 3, 4, 5 and 7 are all strongly preferred to cloths 2 and 6, and cloth 1 is strongly preferred to cloth 2, there are no further strong preferences in this pairwise comparison, when using r -l = 800.
Example 2
This is a brief example to show that pairwise comparison, based on imprecise probabilities, is not a useful alternative to the selection results in this paper, as transitivity does not hold. Consider a problem to select the best (maximum value) of three sources, based on predictive inferences as presented in this paper, with available ordered data per source as given in Table 7 In this example, pairwise comparisons via our imprecise probabilities, as based on the assumption -7 A(3) per source, imply P(Xj,4 > XI,4) = P(Xj,4 > XI,4) + 16' The lower probabilities are given in Table 8 .
(xl 6 ) Based on these imprecise probabilities, one would prefer (if choices must be made by pairwise comparison) source 1 to 3, source 3 to 2, but source 2 to 1, so there is no transitivity and making a choice might be difficult. Using our selection results of section 2, we compare one source with all other sources at the same time, and this leads to the imprecise probabilities given in Table 9 .
J p. p. On the basis of these imprecise probabilities, source 2 seems the logical candidate if a single source needs to be selected.
Example 3
The approach presented in this paper is quite generally applicable, without any restrictions on the sample sizes. Suppose that we have four sources, with sample sizes nl = 20, n2 = 18, n3 = 15, n4 = 3, and ordered data as given in Table 10 Using the results in section 2, assuming the appropriate assumption A(nj) per source, these data lead to the imprecise probabilities, for each source to be best, as given in Table 11 . Leaving source 4 out of consideration not only increases the lower and upper probabilities for the other sources, as expected, but also reduces the imprecision for those sources. This reflects the fact that inclusion of a source for which only few observations are available obscures the selection of a best source, particularly if some of those few observations are relatively large which provides some evidence that source 4 might be quite good, but this evidence is rather weak at the moment.
